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Abst ract - -Th is  paper proposes a novel method to derive the collective opinion of a group of 
members as expressed in a grading process in which individual group members evaluate objects or 
events by assigning numerical scores. The collective opinions are represented using triangular fuzzy 
numbers whose construction is based on the possibility distribution of the grading process. The 
mode and spreads of the fuzzy number are estimated using a weight determination technique. The 
usefulness of the proposed approach is demonstrated in a group decision-making problem involving 
multiple evaluation criteria. The results demonstrate hat the fuzzy number construction method 
provides a better epresentation f the group preference than traditional methods. ~) 2004 Elsevier 
Ltd. All rights reserved. 
Keywords - -T r iangu lar  fuzzy number, Fuzzy number construction, Possibility distribution, Group 
decision-making, Fuzzy multiple attribute decision-making. 
1. INTRODUCTION 
Decision-making by a group of members, who assign numerical scores to evaluate an object or 
an event, is prevalent in many fields, including athletic competitions (e.g., gymnastics, diving, 
figure skating, etc.), questionnaire-based urveys, and performance appraisals. In such a decision- 
making setting, the group members generally choose from a predefined range of numbers to grade 
the people, products, projects, etc., under observation. Then, the collective opinion of the group 
is established by aggregating the individual group members' cores. This study refers to decision- 
making activities of this type as "grading processes". 
When considering the validity of the grading process results, there are two principal areas 
of concern, namely, the subjectivity inherent in human judgment and the method chosen to 
aggregate the individual scores. The scores assigned to the same object invariably differ from 
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member  to member  as a result of human subjectivity. Moreover, the collective opinion of the 
group is generally expressed as the simple arithmetic average of the individual scores. Although 
this aggregation method is straightforward, it has two basic flaws. First, it may fail to distinguish 
between different degrees of consensus when individuals evaluate different objects. Consider the 
evaluation of two objects by five experts, in which the first object receives scores of i, 3, 5, 
7, and 9, while the second object receives scores of 5, 4, 6, 5, and 5. Al though the average 
score of both objects is 5, the experts clearly achieve a better degree of consensus in the second 
case. Statistical deviation is frequently used to provide some understanding of the attained 
consensus. However, the associated statistical assumptions do not truly reflect the fuzzy rather 
than random nature of human judgment. Furthermore, statistical assumptions generally require 
the support of abundant data, which may not be available due to the usually limited number  
of group members  involved in the grading process. Second, the arithmetic average ignores the 
fuzziness in the grading process, and hence, provides less informational content. For example~ 
if the group members  demonstrate a higher divergence when evaluating one particular object 
rather than another, it is important to identify the underlying reasons behind this divergence. 
However, the arithmetic average aggregation method is unable to provide this information. 
In order to address the afbrementioned limitations, it is necessary to develop an aggregation 
method that can extract both the consensus and the subjective divergence in a grading process. 
Hence, this paper proposes a method in which the collective opinions of group members  are 
represented by fuzzy numbers, which are constructed by aggregating the individual scores using 
a novel method. Fuzzy numbers  are fuzzy sets defined on the domain  of real numbers. They  are 
adopted in the present study to represent collective opinions for two reasons 
(i) fuzzy sets are capable of representing the vagueness and subjectivity inherent in human 
judgment, and 
(2) fuzzy numbers  have the ability to represent the central tendency and divergence of the 
grading results. 
Chang et al. [1] considered the utilization of fuzzy numbers in grading processes in discussing 
an ergonomics problem relating to a video display terminal. In their study, the effects of character 
size versus viewing distance were investigated. Twelve subjects were asked to proofread passages 
displayed on the terminal, and the proofreading performance scores given by the 12 subjects 
were then converted to fuzzy numbers and utilized to construct a fuzzy linear regression model. 
The fuzzy numbers were assumed to possess ymmetric triangular forms, whose modes were 
given by the average score of' the 12 subjects and whose spreads were determined by the maximal 
deviation from the average of the various cores. However, this fuzzy number construction scheme 
was rather too siraplistic and often failed to recognize the distribution of the performance scores. 
Hence, the possibility distributions of the fuzzy numbers were poorly approximated. For example, 
assume that three performance scores, 1, 5 and 6, are to be used to construct a fuzzy number. 
According to Chang et al., the mode of the resultant fuzzy number is 4 and its symmetric spread 
is 3. It can be seen that this mode is not a good representation f the original scores and that 
the right spread of the fuzzy number is exaggerated. 
This paper presents a novel method for constructing a fuzzy number from a set of scores 
assigned by experts. In this method, a weight determination technique is utilized to take the 
distribution of the scores into account when estimating the mode and spreads of a fuzzy number. 
The remainder of this paper is organized as follows. Section 2 briefly introduces the concept of 
fuzzy numbers and their arithmetic operations. Section 3 presents the proposed fuzzy number 
construction method and discusses the treatment of various exceptions. Section 4 describes an 
experiment which examines the influence of the score sample size when constructing the fuzzy 
number. Section 5 demonstrates the usefulness of the proposed approach through its application 
to a group decision-making process involving multiple evaluation criteria. Finally, Section 6 
presents ome brief conclusions. 
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2. FUZZY NUMBERS 
2.1. Definit ion of Fuzzy Numbers  
Fuzzy numbers are fuzzy sets defined on the real line N with the following properties [2]. 
DEFINITION 1. A fuzzy number F is a fuzzy set constrained by a membership function, 
#F : N --~ [0, 1], 
that satisfies: 
(1) F is normal, i.e., there exists a real number m, such that tzF(m) = 1. 
(2) F is fuzzy convex, i.e., for any pair x, y belonging to support(F), 
#V (Ax q- (1 -- A) y) >_ min {#F (X), #F (Y)}, for all A e [0, 1], 
where support(F) is the support off and support(F) = {x e ~[#(x) > 0}. 
(3) f is upper semicontinuous, i .e, for each ~ e (0, 1), the ~-level set [F]~ = {x e ~I , (x )  > 
a} is dosed. 
Dubois and Prade [3] define a fuzzy number F with the following membership function, 
L m-x eL 
#F(X) = ( I )  
R x -  m eR 
where x c N, L(.) and R(.) denote the left and right reference functions of the membership 
function, respectively, m is the mode and represents he most possible value of the fuzzy number, 
and e L and e R are the left and right spreads of the fuzzy number, respectively. The left spread eL 
denotes the distance from the left endpoint o the mode, while the right spread e R indicates the 
equivalent distance from the right endpoint. 
Fuzzy numbers having the form of equation (1) are referred to as L-R type fuzzy numbers and 
are the fuzzy numbers adopted in the present study. It is noted that the specifications of L(.) 
and R(-) must satisfy the properties given in Definition 1. 
One particular L-R type fuzzy number is known as the triangular fuzzy number since its 
membership function has a triangular form (as shown in Figure 1). 
/~(x) A 
1 
0 x 
a m b 
Figure 1. Membership function of a triangular fuzzy number (a, rn, b). 
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This particular fuzzy number is widely used in both research and practice. With the mode, left 
endpoint, and right endpoint denoted by m, a, and b, respectively, the triangular fuzzy number 
is defined as 
1 m-x  a<x<m,  
?n  - -  a 
t (x ;a ,m,b)= 1 x -m m<x<b,  
b -m'  
0, elsewhere. 
This triangular fuzzy number is also denoted as (a,m,b) in this study. 
(2) 
2.2. Fuzzy  Ar i thmet ic  
Fuzzy arithmetic is essential in the manipulation of fuzzy numbers, and is defined through the 
extension principle [4]. Since the method proposed in this study involves the addition and scalar 
multiplication of fuzzy sets, it is appropriate to describe these particular operations here. 
2.2.1. Fuzzy  addi t ion 
Assume that F1 -- (al ,ml,bl)  and F2 = (a2,m2,b2) 
Through the extension principle, their addition is given by 
are two triangular fuzzy numbers. 
F1 + F2 = (al + a2, ml q- m2, bl + b2). (3) 
2.2.2. Scalar mult ip l icat ion of  a fuzzy  number  
The operation of a crisp multiplier k > 0, on the fuzzy number F1 = (al, ml, bl), is given by 
kF1 = (kal, kml, kbl). (4) 
As discussed in [5], the fuzzy numbers resulting from these fuzzy operations retain their original 
triangular forms. 
3. FUZZY NUMBER CONSTRUCTION 
FROM A SET  OF  CRISP  SCORES 
Assume that an object is graded using a scale of 0 to G. Let gl , . . .  ,gn represent the scores 
assigned by n different experts when grading the same object. Furthermore, let gi ~ gj, for at least 
one pair of i ~ j. Due to human subjectivity, different experts are liable to assign different scores 
to the same object. Moreover, even the same expert may assign a different score when presented 
with the same object a second time. These scores can be considered to represent a sample from the 
possibility distribution of the grading process. In the present study, this possibility distribution 
is assigned a fuzzy number that is obtained from gl , . . .  ,gn. Tamaki et al. [6] have previously 
presented concepts for the identification of membership functions based on fuzzy observation 
data. Their approach involved the fundamental ssumption that a probability density function 
lay in the background of the observation, and its random variable was not observed irectly, but 
rather by way of electing from a collection of fuzzy sets. However, this condition is not satisfied 
in the present case s{nce the current observations, (i.e., gl , . . .  ,gn) are real numbers rather than 
fuzzy sets. Hence, a novel approach for identifying the membership function of a fuzzy number 
based on the observations of g l , . . . ,  gn is provided below. 
3.1. Const ruct ion  Method  
Estimating the mode of the fuzzy number involves locating the center around which the gi 
gather. In the estimation process, scores lying closer to the center are considered to have a 
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greater importance. In other words, the estimation of this center is a weighted average of the gi. 
To approximate the center of the g~, the relative distances between the various gi are used to 
locate their congestion. The distances between each gi are calculated and presented in the relative 
distance matrix D = [dij]nxn, where dij = ]gi -g j ] ,  which implies that dij = 0 and dij = dji. 
The average of the relative distances, for each gi, is calculated by d~ = ~-~j~--1 d i j / (n  - 1). Then, 
this average distance is used to measure the proximity of gi to the center of all the scores. The 
smaller the value of di, the closer the proximity of gi to the center~ and the greater its assigned 
weight when estimating the mode of the fuzzy number. To determine the degree of importance 
of each gi in this estimation method, pair-wise comparisons between gl are conducted based on 
their average distances. A pair-wise comparison matrix P = [Pij],~xn, where Pij is the relative 
importance of g~ compared to gj, is given by 
= (5) 
which implies that Pii = 1 and Pij = 1/pj~. Since P is obtained from a comparison of distances, it
is perfectly consistent, i.e., there exists a coherent judgment in specifying the pair-wise comparison 
of the importance of the scores. Let wi be the true degree of importance of gi and 0 < wi _< 1. 
Consequently, due to the consistency of P, 
wi Vi, j .  (6) 
Pij = wj  ' 
Let w be a column vector of wi, i = 1, . . . ,  n. Therefore, from equation (6), 
Pw = nw, (7) 
which implies that n is an eigenvalue of P and w is the corresponding eigenvector. 
Given 
n 
Z w~ = 1, 
i=1  
w is solved as, 
1 
wj - n , j = 1 , . . . ,n .  (8) 
pij 
i= l  
The importance degree wi serves as the weight to be associated with gi when estimating the 
mode m of the fuzzy number. This estimation is defined as 
n 
= Z (9) 
i :1  
Estimating the spreads of the fuzzy number, i.e. determining its left and right endpoints, 
requires the information of the mean deviation of a fuzzy number. The present study defines the 
mean deviation (or) of a triangular fuzzy number as follows. 
DEFINITION 2. The mean deviation of  a fuzzy number, 
F = (a ,m,b) ,  
is defined as 
- " 
= ( I0 )  
(x) dx 
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We can rewrite equation (10) as 
Cr 
(m-a)2+(b-m)  2 
3 (b - ~) 
(11) 
Let q be the ratio of the left spread to the right spread, that is, 
m-a 
~= b---2-~" (12) 
Equations (11) and (12) can be solved to yield 
3 (I+~?)~W 
a = m 1 + rl 2 (13) 
and 
b=m+a( l+r / )~ (14) 
1-]-q 2 
However, since cr and r 1 are unknown before a and b are known, they are approximated in the 
following manners. An average deviation (s) calculated from the sample of scores is used to 
approximate a, 
s = E wi Igi - m). (15) 
i=l 
The ration r I is approximated as follows. Let gl be the weighted average of the scores which 
are smaller than m, and g~ be the weighted average of the scores, which are larger than m. 
Furthermore, let 
r = {1 , . . . ,n} ,  
A = {ilg~ < m, i ~ I} ,  
and 
B=( i lg i>m,  iE I} .  
The calculations of gZ and g~ are defined as, 
wigi 
gl = lEA 
iEA 
(16)  
and 
E ~lJigi 
gr iEB 
wi 
iEB 
(17) 
Assuming  that 9t and g~ are at the same ~-leve[, the ratio of the left spread to the right spread 
is, hence, approx imated  as, 
m - g~ 
- - .  (18) 
~= gr_  m 
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1 
0 
m m m  
p 
i \  
a g~ m g b 
m- X 
Figure 2. Ratio of left spread to right spread as approximated by equation (18). 
The ratio defined by equation (18) is illustrated in Figure 2. 
The construction of a fuzzy number using the proposed method is demonstrated in the following 
example. 
EXAMPLE 1. Assume that experts assign the following five scores, 
gl = 3, g2 = 7, g3 = 8, g4 = 8, and g5 = 9. 
The corresponding relative distance matrix is expressed as, 
D = 
0 1 1 
1 0 0 . 
1 0 0 
2 1 1 
The averages of the relative distances for the five scores are, 
d l=  5, d2 = 2, d3 = 1.75, d4 = 1.75, and d5 = 2.5 
From equation (5), the pair-wise comparison matrix is given by, 
p = I 
1.000 0.400 0.350 0.350 0.500] 
2.500 1.000 0.875 0.875 1.250] 
2.875 1.143 1.000 1.000 1.429] . 
2.875 1.143 1.000 1.000 1.429] 
2.000 0.800 0.700 0.700 1.000J 
From equation (8), the weights associated with each of the scores are found to be 
wl = 0.089, w2 = 0.223, w3 = 0.255, w4 = 0.255, and we = 0.178. 
The mode of the fuzzy number based on this sample of five scores is estimated from equation (9) 
to be m = 7.51. Equation (15) gives the average deviation, s, as 1.03, while from equations (16) 
and (17), we obtain gl = 5.86 and gr = 8.26, and, hence, ~) -- 2.2 by equation (18). Finally, the 
left and right endpoints of the fuzzy number are obtained from equations (13) and (14) as a = 3.78 
and b = 9.20, respectively. 
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3.2. Except ions  to the Proposed  Const ruct ion  Method  
It is noted that there are some exceptions to the proposed construction method, which require 
special consideration. As mentioned above, the construction method assumes that at least one 
pair of scores is unequal. A special treatment must be provided when this is not the case. 
Moreover, the construction method may potentially produce a fuzzy number whose support falls 
outside of the numerical scale 0 to G. For example, the set of scores {8,9~9,10,10} results in a 
fuzzy number of (8.06,9.25,11.24), whose right endpoint is clearly greater than 10. Therefore, an 
adjustment operation is required. Moreover, in order to enhance the reliability of the construction 
method, a simple rule is suggested for detecting outliers in a set of scores. 
3.2.1. Nonfuzz iness 
If g~ = gj = gC i ~ j, for all i, j, then, the proposed construction method is not applicable 
because the relative distance matrix D becomes an 0 matrix, and hence, it is impossible to 
obtain the P matrix. This situation arises when the experts reach a perfect consensus or are very 
certain about the outcome of the object. In these cases, there is no element of fuzziness in the 
solution. To construct a fuzzy number in such a situation, the fuzzy number is assigned a fuzzy 
singleton, i.e., a fuzzy set whose support is a single point with a membership of one in the fuzzy 
set. Consequently, the fuzzy number is defined as, 
1, x = gC, 
t (x) = (19) 
0, elsewhere. 
3.2.2. Boundary  t runcat ion  
Since the scores given by the experts are in the range of 0 to G, the support of a fuzzy number 
constructed from these scores should lie within the same range. In other words, such a fuzzy 
number has prescribed boundaries. Specifically, the left endpoint of the fuzzy number must be 
greater than or equal to 0, and the right endpoint must be less than or equal to G. If the support 
of the constructed fuzzy number falls beyond these boundaries, it will be truncated. In this case, 
the triangular fuzzy number is redefined as, 
i m--X 
1 - -  - - ,  /Yt--a 
t (x ;a ,m,b)  = 1 x -m 
b-m'  
O, 
a < x < m and x > 0, 
m < x <_ b and x _< G, 
elsewhere. 
Equation (20) can be illustrated as shown in Figure 3. 
(20) 
1 ! !  w w  
/ 
I 
f 'k 
,e i \ 
a 0 m ~ b 
Figure 3. A truncated fuzzy number. 
~- X 
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3.2.3. Out l ier  detect ion  
Due to the subjectivity and divergence associated with a grading process, some individual 
scores may deviate significantly from the remainder of the scores. These so-called outliers can 
distort the estimation of a fuzzy number, and hence, they ought not to be considered in the 
estimation process. Detecting outliers can be performed according to the following principle. 
A fuzzy number F = (a,m,b) is constructed based on a set of scores gi, i -- 1,.. .  ,n. For 
any gi, if g~ ~ [a, b], then, gi is an outlier. These outliers are discarded, and then, the fuzzy 
number is reconstructed using the remaining scores. 
EXAMPLE 2. Recalling Example 1, the fuzzy number constructed by the sample of five scores 
was shown to be F = (3.78, 7.51,9.20). Since {3) ~ [3.25, 9.44], score three is discarded. Re- 
constructing the fuzzy number with the four remaining scores yields a fuzzy number of F -- 
(7.00, 8.00, 9.00). 
4. SENSIT IV ITY  ANALYS IS  OF  SAMPLE S IZE  
This section discusses the influence of the sample size n on the quality of the approximation 
of the possibility distribution in a grading process. 
A work performance rating experiment was conducted to carry out the present sensitivity 
analysis. Work performance rating is the process of comparing the operation time observed 
for an individual operator with that which can be reasonably expected from an experienced 
operator [12]. The observed operator's operation time is adjusted by a rating factor so as to 
determine a standard operation time, which can be applied for all operators performing the same 
task. Since the rating activity is a subjective process, it is an ideal candidate for the approach 
presented in this paper. 
In the present rating experiment, an operator performed an assembly task, while 36 operators 
experienced in performing the same assembly task were invited to rate his performance on a scale 
of 0 to 10, where a score of 5 indicated an average performance, a score of less than 5 denoted 
a below par performance, and a score of greater than 5 indicated an above-average p rformance. 
The experimental results are summarized in Table 1. 
Subsequently, score samples comprising 3, 4, 5, 6, 7, 8, 10, 12, 15, and 20 randomly chosen 
scores were established. The corresponding fuzzy numbers were then constructed using the 
method proposed in the present study. The resultant fuzzy numbers are depicted in Figure 4. 
Then, pair-wise similarity measures were performed between the various fuzzy numbers to assess 
the effect of the sample size on the approximation of the rating result. 
The similarity between two fuzzy sets, e.g., A and B, was measured using the approach pro- 
posed by Wang [14], i.e., 
Wang's approach as the benefit hat each element in the fuzzy set is considered [8], and hence, 
the similarity measure takes both the central tendency and the fuzziness of the fuzzy set into 
account. However, equation (21) is only valid for discrete fuzzy sets. Therefore, when considering 
the present continuous fuzzy sets defined on a scale of 0 to G, equation (21) must be modified to 
become /L } Sire (A, B) = rain [#A (x), #• (x)] dx /G. (22) 
For a 0 denominator, "0/0 ---- 1" is employed in equation (22). The acquired pair-wise compar- 
isons between the ten fuzzy numbers are presented in Table 2. 
As expected, Table 2 indicates that the pair-wise similarity measures between the fuzzy num- 
bers constructed from larger sample sizes (n >_ 7) are higher than those constructed from smaller 
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Table 1. Experimental rating results. 
Frequency 
! 5 1 3 5 Y 11 
;--- 14 
7--- 2 
1.2  - -  n=3 
. . . .  n=4 
. . . . .  11=6 
. . . . .  11=7 
- -  t t=~ 
. . . .  n=lO 
~ - - n = 1 2  
I ................ n=15 
SCOI~ . , , n=20 
Figure 4. Fuzzy numbers constructed for different score sample sizes, 
1 
~0.8 
rd2 
~0.6 
02 
Table 2. Pair-wise similarity measures between fuzzy sets constructed from 
score sam )le sizes. 
0.74 0.79 
4 0.80 
I 5 
6 
7 
8 
! 
4 10 ! 
t 12 
I 15 
0.68 0.78 
0.86 0.74 
0.75 0.82 
0.74 
different 
20 
0.81 0.75 0.84 0.79 0.75 
0.67 0.77 0.71 0.70 0.72 
0.74 0.89 0.77 0.76 0.80 
0.70 0.79 0.78 0,73 0.76 
0.83 0.87 0.86 0.84 0.87 
0.79 0.90 0.93 0,88 
0.83 0.81 0.86 
0.86 0.85 
0.92 
sample sizes. However, the fuzzy numbers constructed from smaller sample sizes (n <_ 6) nev- 
ertheless provide reasonable similarity measures, i.e., the majority of the pair-wise similarity 
measures are greater than 0.7. Therefore, the results uggest that the sample size n is robust in 
constructing the fuzzy numbers. 
5. GROUP DECIS ION-MAKING UNDER MULT IPLE  CR ITER IA  
Group decision-making under multiple criteria involves a group of individuals electing an alter- 
native under the presence of multiple, usually conflicting, criteria. The group's decision represents 
the reduction of the individuals' preferences to a single collective preference, i.e., to a group pref- 
erence [9]. Group decision-making is basically an extension of the individual decision-making 
activity, and hence, the conventional multiple attribute decision-making (MADM) method can 
generally be extended to a multiple decision-maker nvironment when solving group problems. 
For example, the technique for order preference by similarity to ideal solution (TOPSIS) [10] 
has been extended to multiple decision-makers by performing a preprocessing of the committee 
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members' cores using an arithmetic average approach [9]. 
As argued in Section 1, the arithmetic average method fails to identify the degree of consensus 
between the group members, and hence, may distort the group preference. To examine this 
argument further, the arithmetic average and the proposed fuzzy number construction method, 
respectively, are used to derive the group preference in a multiple person MADM problem. In this 
problem, the simple additive weighting (SAW) approach is adopted to aggregate ratings of various 
attributes. The simplicity of the SAW approach is particularly attractive to practitioners [16], 
and explains its choice in the present study. The SAW approach for multiple decision-makers is 
described as follows. 
Assume that M committee members use N criteria to evaluate L alternatives. The matrix 
of preferences for all the alternatives rated by the N criteria by the k th committee member is 
shown in Table 3. In this matrix, cj is the importance (weight) of the jth criterion and rijk is 
the score assigned by the k th committee member to the ith alternative in accordance with the 
jth criterion. The aggregation of the committee's opinion is performed both by the conventional 
arithmetic average method and by the proposed construction method. Then, the results of the 
two different methods are compared. 
Table 3. Preference matrix. 
Criterion 
Alternative 
Cl  c2 c j  • • • CN 
1 
2 
i 
L 
r l l k  r12k  . . .  r l j  k . . .  r lNk  
r21k  r22k  • . .  r2 j  k • . .  r2N k 
: : : : : : 
r i l k  r i2k  • . .  r i j  k . . .  r in  k 
: : : : : : 
r L lk  rL2k  . , .  r L j  k . . .  VLN k 
The arithmetic average method aggregates the committee's opinions as 
M 
r i j k  
k=l i = 1 , . . . ,L ,  j = 1 , . . . ,N .  r i j .  = M ' 
Using the SAW approach, the overall score of an alternative is determined as 
(23) 
N 
Si = E cj rij., 
j= l  
i = 1 , . . . , L .  (24) 
Then, the overall score, Si, is used to rank the various alternatives. 
Meanwhile, the present fuzzy number construction method aggregates the committee's opinions 
as  
~j. = (ai~,mij,b~y), i = 1 , . . . ,L ,  j = 1 , . . . ,N .  (25) 
where aij, mij  and bij are the parameters of the fuzzy number ~ij and are obtained from the 
individual scores of the M committee members as discussed previously in Section 3. Using the 
SAW approach, the overall score of an alternative is determined as 
N 
j= l  
i = 1 , . . . , L .  (26) 
Si is calculated using the fuzzy arithmetic operations presented previously in Section 2. The  use 
of rij in rating the alternatives results in a fuzzy MADM problem [12-14]. A major difficulty 
1630 C.-B. CHENG 
encountered in fuzzy MADM is the rank ordering of each alternative according to their fuzzy 
ratings. Fuzzy ranking usually involves the use of defuzzification methods. Chen and Klein [15] 
compared effects of different defuzzification methods in solving fuzzy MADM problems. Mean- 
while, Aouam et al. [16] used the overall existence-ranking index [17] to rank alternatives ex- 
pressed in the form of fuzzy numbers. Before discussing the ranking of fuzzy numbers further, 
two examples are provided below to illustrate two potential problems which may arise. 
EXAMPLE 3. A committee consisting of five members i asked to evaluate three different alterna- 
tives by assigning scores to each based on a numerical scale of 0~-,10. This evaluation is performed 
against wo criteria of equal weight. The preference matrixes of the five members are 
Ii !] Ei i] I! i] Ii !1 Ii !1 P1 = , P2 = , P3--  , P4 = , Ps :  • 
The two group opinion aggregation methods are used to obtain the group preferences, respec- 
tively, and then, SAW approach is applied to calculate the overall score of each alternative. 
ARITHMETIC AVERAGE: 
The individual preference matrices are aggregated into the following group preference matrix, 
[rij.]3×2= 6.6 6.2 . 
6.4 5.8 
From equation (24), the overall scores of the three alternatives are found to be 
$1 = 3.5, $2 = 6.4, and $3 = 6.2. 
FuzzY NUMBER CONSTRUCTION METHOD: 
The group preference matrix is obtained as: 
(2.6,3.3,4.8) 
[~j.]3×2 = (4.9,6.4,9.4) 
(2.7,6.8,8.7) 
(2.2, 3.7, 4.4) ]
(4.4,6.1,9.3) .
(6.0,7.0,8.0) 
From equation (26), the overall scores of the three alternatives are 
$1 = (2.4, 3.5, 4.6), $2 = (4.6, 6.2, 9.3), and $3 = (4.3, 6.9, 8.3). | 
EXAMPLE 4. With the same decision-making settings as Example 3, five preference matrices are 
obtained, i.e., 
[i i] ii [i il Ii !] Ii i] P1 = , P2=15 , P3 = , P4 = , P5 = . ka 
ARITHMETIC AVERAGE: 
The individual preference matrices are aggregated into a group preference matrix, 
F3.4 3.6] 
= [ 6.0 [rij.]3× 2 6.0 . 
6.0 6.0 
The overall scores of the three alternatives are 
S1 = 3.5, $2 = 6.0, and $3 -- 6.0. 
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The group preference matrix is obtained as 
[(2.5,3.3,5.1)(1.9,3.7,4.5)]  
[~iJ.]3×2 = (2.8,6.0,9.2) (2.8,6.0,9.2) . 
(3.7,6.0,8.3) (3.7, 6.0, 8.3) 
The overall scores of the three alternatives axe 
$1 = (2.2,3.5,4.8), :~2 = (2.8,6.0,9.2), and $3 = (3.7,6.0,8.3). | 
In Example 31 applying the SAW approach with the arithmetic average aggregation method 
yields a preference order of alternative 2 > alternative 3 > alternative 1. However, an inspection 
of the five preference matrices reveals that all of the members other than the last are actually 
prefer alternative 3 to alternative 2. Furthermore, it is noted that the first four members reach 
a high degree of consensus, but that the last member's judgment deviates ignificantly from this 
consensus. Consequently, the last member dominates the decision-making result when the arith- 
metic average method is used to aggregate the group members' opinions. When using the fuzzy 
number construction method to aggregate the group members' opinions, the resultant overall 
scores indicate that the majority of the committee members prefer alternative 3 to alternative 2.
In other words, the mode of $3 is greater than that of 82. 
The arithmetic average method not only fails to identify the central tendency of the group 
members' opinions, but also ignores their divergence. In Example 4, although alternatives 2 and 3 
receive the same overall scores, alternative 3 has a better degree of consensus than alternative 2, 
as indicated by $3 and 82. Although fuzzy numbers provide a better epresentation f the group 
preference than the arithmetic average, ranking the fuzzy numbers to choose the best alternative 
is still problematic since existing defuzzification methods truggle to distinguish 83=(3.7, 6.0, 
8.3) from 82=(2.8, 6.0, 9.2). For example, the widely used centroid of area (COA) defuzzification 
method regards $2 and $3 as being equal. Alternative defuzzification techniques, such as the 
mean of maximum (MUM) and bisector of area (BOA) methods, share the same problem. To 
address this limitation, this paper introduces a new ranking method for a set of triangular fuzzy 
numbers. 
Given a set of triangular fuzzy numbers denoted by (ak, ink, bk), the average deviation of each 
fuzzy number is calculated using equation (11). The smallest average deviation among the fuzzy 
numbers, arain, is used to measure the fuzziness of each fuzzy number. If (r mi~ = 0 (i.e., a fuzzy 
singleton exists), then, the smallest nonzero average deviation is assigned to Cmin. In other words, 
O "min : O'f, with f = arg rain {~k}. 
k,a~:>O 
To take into account both the mode and the fuzziness of a fuzzy number, the fuzzy numbers 
are ranked by an index, i.e., 
' b' (27) Xk = ak + mk + k, 
where a~ and b~ are discounted values of ak and bk, respectively, and 
(i) i fa~>O,  
(ii) if cr k = 0, 
o-min 
a~ = ak" ( - - ) ,  and 
mk - -  ak  
o-min 
= and 
ok- - ink  
25r ain 
a k -~ mk• 
2U-ruin 
= mk • (=- - - - ) .  
o: -m:  
and 
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Using equation (27) to rank the alternatives in Example 3 yields X1=5.83, X2=8.42, and 
X3=9.64. Hence, alternative 3 is preferred to alternative 2. Applying the same procedure to 
Example 4 gives X1=5.83, X2=7.62, and X3=8.24. Therefore, alternative 3 is preferred. In 
other words, equation (27) supports the intuitive judgment of the preference order of alternatives 2 
and 3 in Examples 3 and 4. 
6. CONCLUDING REMARKS 
This paper has presented a novel method for constructing a fuzzy number based on a set of 
scores given by experts when grading the outcome of an event or an object. The set of collected 
scores is viewed as a sample from the possibility distribution of the grading process, and is 
used to estimate the parameters of the fuzzy number. The proposed method employs a weight 
determination technique to associate a weight with each score when estimating the mode and 
spreads of a fuzzy number. 
A work performance rating experiment has been conducted to examine the influence of the 
sample size when constructing a fuzzy number. The usefulness of the proposed approach as been 
demonstrated in a group decision-making problem. The results have shown that the proposed 
fuzzy number construction method yields a better representation f the group preference than 
the traditional arithmetic average approach. A fuzzy ranking method has been used to identify 
the alternative, which receives a high average score and attracts a high degree of consensus. The 
subsequent choice of this alternative implies that its implementation will encounter less resistance. 
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